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4XHVWLRQ���
�L�����>>�6HH�8QLW����3UREOHP�����IRU�����@@
/HW���F���è� o è EH�GHILQHG�E\� � �  F� P�Q VJ��Pï Q��
,I�Q���P�WKHQ�P�ï Q�!���DQG�VJ��Pï Q�� ����6R�F� �Q��P�� ���LQ�WKLV�FDVH�,I�Q�t P��WKHQ�P�ï Q� ���DQG�VR�F� �Q��P�� ���
6LQFH��F� LV�REWDLQHG�E\�VXEVWLWXWLRQ�IURP�WKH�WRWDO�SULPLWLYH�UHFXUVLYH�IXQFWLRQV�VJ�DQG��ï WKHQ��F�LV�DOVR�D�WRWDO�SULPLWLYH�UHFXUVLYH�IXQFWLRQ�
7KHUHIRUH�WKH�UHODWLRQ���LV�SULPLWLYH�UHFXUVLYH�
�LL����>>�6HH�SURRI�RI�8QLW����7KHRUHP������@@
6LQFH�5� DQG��5� DUH�SULPLWLYH�UHFXUVLYH�UHODWLRQV�WKHQ�WKHLU�FKDUDFWHULVWLF�IXQFWLRQV� �5F DQG�� �5F �UHVSHFWLYHO\��DUH�SULPLWLYH�UHFXUVLYH�IXQFWLRQV�
&RQVLGHU�WKH�IXQFWLRQ� � � � � � � � � ���5�����5����� Q�QQ�QJQ�QQ�QJQ�QI �� F�F �
,I�� � ���5 Q�Q�F  ���WKHQ��VLQFH�WKH�UHODWLRQV��5� DQG�5� DUH�PXWXDOO\�H[FOXVLYH�DQG�H[KDXVWLYH��WKHQ� ���5 Q�Q�F  ����6R��LQ�WKLV�FDVH� I�Q���Q��� �J��Q���Q���
,I�� � ���5 Q�Q�F  ���WKHQ��VLQFH�WKH�UHODWLRQV��5� DQG�5� DUH�PXWXDOO\�H[FOXVLYH�DQG�H[KDXVWLYH��WKHQ� ���5 Q�Q�F  ����6R��LQ�WKLV�FDVH� I�Q���Q��� �J��Q���Q���
6LQFH�WKH��IXQFWLRQ��I��LV�REWDLQHG�IURP�WKH�SULPLWLYH�UHFXUVLYH�IXQFWLRQV�PXOW��DGG�� �5F DQG�� �5F E\VXEVWLWXWLRQ�WKHQ�I�LV�SULPLWLYH�UHFXUVLYH�
�LLL� >>�8VH�RI�8QLW���7KHRUHP������6LPLODU�WR�8QLW����$GGLWLRQDO�([HUFLVH��6HFW�����4X����@@
'HILQH�WKH�IXQFWLRQVJ��Q��P�� �P���Q� �DGG�P��Q��J��Q��P�� �P�  �H[S�P����J��Q��P�� ��� � ��& �Q��P��DQG�WKH�UHODWLRQV5��Q��P��� PD[��Q���P��������5��Q��P��� �Q����P� �����5��Q��P��� QRW�5��Q��P��DQG�QRW�5��Q��P��7KHQ�ZH�FDQ�ZULWH
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$V�J���J���DQG�J� FDQ�EH�ZULWWHQ�XVLQJ�WKH�SULPLWLYH�UHFXUVLYH�IXQFWLRQV� ��& ��DGG��DQG�H[S�XVLQJFRQVWDQWV�WKHQ�J���J���DQG�J� DUH�SULPLWLYH�UHFXUVLYH�IXQFWLRQV�
7KH�FKDUDFWHULVWLF�IXQFWLRQ�RI�WKH�UHODWLRQ�5��� � �  F P�Q�5 F��PD[��Q���P���������$V� �5F LV�REWDLQHGE\�VXEVWLWXWLRQ�IURP�WKH�SULPLWLYH�UHFXUVLYH�IXQFWLRQV�PD[��PXOW��DQG�F� XVLQJ�FRQVWDQWV��WKHQ�LW�LV�DSULPLWLYH�UHFXUVLYH�IXQFWLRQ��+HQFH�5� LV�D�SULPLWLYH�UHFXUVLYH�UHODWLRQ�
7KH�FKDUDFWHULVWLF�IXQFWLRQ�RI�WKH�UHODWLRQ�5���� � � � �����P�Q�P�Q HT�5 �F F ��$V� �5F LV�REWDLQHG�E\VXEVWLWXWLRQ�IURP�WKH�SULPLWLYH�UHFXUVLYH�IXQFWLRQV� HTF ��PXOW�DQG�DGG�XVLQJ�FRQVWDQWV��WKHQ�LW�LV�DSULPLWLYH�UHFXUVLYH�IXQFWLRQ��+HQFH�5� LV�D�SULPLWLYH�UHFXUVLYH�UHODWLRQ�8VLQJ�WKH�UHVXOW�RI��8QLW����3UREOHP��������WKHQ�5� LV�DOVR�D�SULPLWLYH�UHFXUVLYH�UHODWLRQ�)URP�WKH�GHILQLWLRQ�RI�5� LW�IROORZV�WKDW�WKH�VHW�RI�UHODWLRQV�5���5���DQG�5� DUH�H[KDXVWLYH�,I�WKH�UHODWLRQ�5� KROGV�WKHQ�Q�������DQG�P�������6R��Q����P��������������������7KHUHIRUH�5� DQG5� DUH�PXWXDOO\�H[FOXVLYH��)URP�WKH�GHILQLWLRQ�RI�5���LI�WKH�UHODWLRQ�5� KROGV�WKHQ�QHLWKHU�5� RU�5�KROGV��7KHUHIRUH�5�� 5� DQG�5� DUH�PXWXDOO\�H[FOXVLYH�6LQFH�DOO�WKH�FRQGLWLRQV�UHTXLUHG�IRU�WKH�XVH�RI�7KHRUHP�����RI�8QLW���KROG�WKHQ�LW�IROORZV�WKDW�I�LVSULPLWLYH�UHFXUVLYH�



0����/RJLF ���� 3DJH�� RI��
4XHVWLRQ���
�L��D�����>>�6LPLODU�WR�8QLW����3UREOHP����@@
J�Q���Q���Q��� �I�� � � � � � � �Q�Q�Q8�Q�Q�Q8�Q�Q�Q8 ��������������� ��
$V�J�LV�REWDLQHG�E\�VXEVWLWXWLRQ�IURP�WKH�SULPLWLYH�UHFXUVLYH�IXQFWLRQV�I�� ��8 �� ��8 ��DQG� ��8 ��WKHQ�J�LVD�SULPLWLYH�UHFXUVLYH�IXQFWLRQ�
�L��E�����>>�8QLW����([DPSOH������@@
6HH������VROXWLRQ�
�LL�����>>�6LPLODU�WR�8QLW����3UREOHP�������@@
/HW�5�EH�WKH��UHODWLRQ�JLYHQ�E\����5�Q��\��� Q�����\�
7KH�FKDUDFWHULVWLF�IXQFWLRQ�IRU�WKLV�UHODWLRQ�LV�F5��Q��\�� �F���Q��H[S����\����7KLV�LV�REWDLQHG�E\VXEVWLWXWLRQ�IURP�WKH�SULPLWLYH�UHFXUVLYH�IXQFWLRQV�F� DQG�H[S�XVLQJ�FRQVWDQWV��+HQFH�LW�LV�SULPLWLYHUHFXUVLYH�>+%�S���UHVXOW�RI�SUREOHP�����@�
%\�7KHRUHP�����>+%�S��@�WKH�IXQFWLRQ�J���è� o è JLYHQ�E\J�Q��]�� �P\�d ]�5�Q��\�LV�SULPLWLYH�UHFXUVLYH�
$V�Q����\ WKHQ�D�VXLWDEOH�ERXQG�RQ \�LV�Q�DV�Q����Q�
)RU�DOO�Q�ZH�KDYH I�Q�� �P\� 5�Q��\�� �J�Q��Q��$V�I�LV�REWDLQHG�IURP�WKH�SULPLWLYH�UHFXUVLYH�IXQFWLRQ�J�E\�VXEVWLWXWLRQ�WKHQ�I�LV�SULPLWLYH�UHFXUVLYH�
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4XHVWLRQ���
�L� >>�6LPLODU�WR�8QLW����3UREOHP������@@

)RU�DQ\�QDWXUDO�QXPEHU�Q��GHILQH�D�850�SURJUDP�E\��� &������g�Q� &�Q��Q��Q��� =����Q��� 6���
7KLV�LPSOHPHQWV�WKH�FRQVWDQW�IXQFWLRQ��&� VLQFH�LW�KDOWV�ZLWK�WKH�YDOXH���LQ�UHJLVWHU����$V�DSURJUDP�H[LVWV�IRU�HDFK��Q�V è��ZKHUH�Q�!�����WKHQ�WKHUH�DUH�LQILQLWHO\�PDQ\�VXFK�SURJUDPV�

�LL� >>�6HH�8QLW����3UREOHP������@@
7KH�SURJUDP�3
 FDQ�EH�FUHDWHG�E\�FRQFDWHQDWLQJ�WKH�SURJUDPV3��� DQG��� =������� 6����
,I� �3I LV�WRWDO��WKHQ��3
��H[HFXWHV�3��$V� �3I LV�WRWDO��WKH�ODVW�WZR�LQVWUXFWLRQV�RI��3
�DUH�DOVRH[HFXWHG���7KHVH�VHW�WKH�YDOXH�RI�UHJLVWHU���WR�����7KHUHIRUH�3
�FRPSXWHV�WKH�FRQVWDQWIXQFWLRQ�&��� ,I� �3I LV�QRW�WRWDO��WKHQ��3�ZLOO�QRW�KDOW�IRU�VRPH�LQSXW�Q��DQG�QHLWKHU�ZLOO�3
��IRUWKH�VDPH�LQSXW���6R��3
��FRPSXWHV�WKH�FRQVWDQW�IXQFWLRQ��&� IXQFWLRQ�SUHFLVHO\�ZKHQ�WKHIXQFWLRQ� �3I LV�WRWDO�

�LLL� >>�6HH�8QLW����3UREOHP������@@
$VVXPH�WKH�VHW��;�RI�FRGH�QXPEHUV�ZKLFK�FRPSXWHV�&� LV�UHFXUVLYH��:H�ZLOO�VKRZ�WKDW�LV�;LV�UHFXUVLYH�WKHQ�VR�LV�7RW��WKH�VHW�RI�QXPEHUV�WKDW�FRGH�850�SURJUDPV�ZKLFK��FRPSXWH�DWRWDO�IXQFWLRQ�RI�RQH�YDULDEOH�
/HW��H��EH�DQ\�FRGH�QXPEHU��,QLWLDOO\�FKHFN�WR�VHH�ZKHWKHU��H�FRGHV�D�850�SURJUDP��7KLV�LVSRVVLEOH�VLQFH�WKH�VHW�RI�FRGH�QXPEHUV��3URJ��LV�SULPLWLYH�UHFXUVLYH�>>+%�S��@@��,I�H�GRHVQRW�FRGH�D�850�SURJUDP�WKHQ��H�� 7RW�
,I��H��GRHV�FRGH�D�850�SURJUDP�WKHQ�WKH�LQVWUXFWLRQV�RI�WKH�SURJUDP�3�FDQ�EH�UHFRYHUHGIURP��H�DQG�WKH�SURJUDP�3
 ZKLFK�FRPSXWHV�WKH�IXQFWLRQ��&� FDQ�WKHQ�EH�FUHDWHG�DVGHVFULEHG�LQ�SDUW��LL����7KH�FRGH�QXPEHU�H
�RI��3
 FDQ�WKHQ�EH�GHWHUPLQHG��$V�WKH�VHW�;�LVUHFXUVLYH�WKHQ�WKHUH�LV�DQ�DOJRULWKP�IRU�GHFLGLQJ�LI�D�QXPEHU��H
 V ;���$V�H
 X ;�LI�DQG�RQO\LI�H�V 7RW WKHQ�ZH�FDQ�GHWHUPLQH�ZKHWKHU�H�V 7RW�
7KHRUHP�����RI�8QLW���VWDWHV�WKDW�WKHUH�LV�QR�DOJRULWKP�ZKLFK�GHWHUPLQHV�ZKHWKHU�H�X 7RW�$V�ZH�KDYH�IRXQG�RQH�WKHQ�WKH�DVVXPSWLRQ�WKDW�WKH�VHW�;�LV�UHFXUVLYH�PXVW�EH�IDOVH�



0����/RJLF ���� 3DJH�� RI��
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�L� >>�6HH�8QLW���([DPSOH�����DQG�3UREOHPV�����DQG�����@@
/HW��M EH�WKH�VXEIRUPXOD �\�\� �]����\ EH��\��\� �]�� \� ���������DQG��F EH��\�\� ����
7KH�JLYHQ�IRUPXOD�FDQ�WKHQ�EH�ZULWWHQ�DV �����M 	�\ ��o �F � ��Mo F �����
$�WUXWK�WDEOH�IRU�WKLV�IRUPXOD�LV
M \ F �����M 	�\ ��o �F � ��Mo F ������ � � ������������������������������������� � � ������������������������������������� � � ������������������������������������� � � ������������������������������������� � � ������������������������������������� � � ������������������������������������� � � ������������������������������������� � � ������������������������������������������������������������������������
6LQFH�FROXPQ���LV�DOO�RQHV�WKHQ�WKH�IRUPXOD�WDNHV�WKH�WUXWK�YDOXH���XQGHU�DOO�LQWHUSUHWDWLRQV�WKHQ�WKHIRUPXOD�LV�D�WDXWRORJ\�
�LL��LL��D�
/LQH � � � � � � � �$VV� � � � � ��� ���� ��� �
�LL��E�
��Ò 	��ÒlÔ����l Ô��
�LL��F�
12���\ PD\�FRQWDLQ�IUHH�RFFXUUHQFHV�RI�[�VR�WKH�(+�UXOH�FDQQRW�EH�XVHG�
�LLL�
,Q�RUGHU�WR�XVH�WKH�8,�UXOH�RQ�OLQH���WKHQ�WKH�IRUPXOD�RQ�OLQH���PXVW�FRQWDLQ�QR�IUHH�RFFXUUHQFHV�RI[��6LQFH�LW�GRHV�WKHQ�WKH�XVH�RI�WKH�8,�UXOH�LV�LQYDOLG�
7DNH�WKH�VWDQGDUG�LQWHUSUHWDWLRQ��1 ZLWK�GRPDLQ�è��,Q�WKLV�LQWHUSUHWDWLRQ��WKH�IRUPXOD�[� ��� LV�WUXHEXW���[�[� ��� LV�IDOVH�DV�QRW�HYHU\�QXPEHU�HTXDOV�����7KHUHIRUH���[�[� ��� LV�QRW�D�ORJLFDOFRQVHTXHQFH�RI�[� ����



0����/RJLF ���� 3DJH�� RI��
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�L� >>�2QO\�IUHH�RFFXUUHQFHV�RI�[�DUH�LQ�WKH�WHUP���\��\�[�� �[�@@
�D� 12 >>�]�EHFRPHV�ERXQG�@@�E� <(6�F� <(6

�LL��D� >>�,�ILQG�8QLW����7HFKQLTXHV�IRU�ILQGLQJ�IRUPDO�SURRIV�XVHIXO�@@
� ��� �[���� I	�\ � $VV� ��� �[���\ 	�T��o I� $VV� ��� ��\ 	�T��o I� 8(���� ��� ��� I	�\ � $VV� ��� �[�T $VV� ��� T 8(���� ��� \ 7DXW������� ��� �\ 	�T� 7DXW������������� ��� I 7DXW������� ���� � I 7DXW���������� ���� �I 	��I� 7DXW����������� ���� ��[�T o �I 	��I�� &3�������� ���� � �[�T 7DXW�������� ���� � �[�T (+����

7KHUHIRUH���[���� I 	�\ ����[���\ 	�T��o I��D � �[�T�
>>�7KH�VROXWLRQ�FDQ�EH�VKRUWHQHG�E\�FRPELQLQJ�VRPH�RI�WKH�WDXWRORJLHV��@@
�LL��E�

� ��� �[���\ 	�T��o I� $VV� ��� �[�T $VV� ��� �[���� I	�\ � $VV���� ��� � �[�T 8VLQJ�SDUW��D�������� ��� ��[�T 	�� �[�T� 7DXW���������� ��� ��[���� I 	�\ ��o ��[�T 	�� �[�T�� &3������� ��� � �[���� I 	�\ � 7DXW���
7KHUHIRUH���[���\ 	�T��o I����[�T D � �[���� I	�\ ��
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�L� >>�/RRNV�DV�LI�ERWK�VLGHV�RI�WKH�HTXDWLRQ�HTXDO��[�\����@@

��� ��[�� \������� ���[�� \������ ,,� ��� �[��[������ �[ $VV��4�� ��� ��[�� \������� ��[�� \� 8(���
� ��� ��[������� \�� ���[������� \� ,,� ��� �[������ �[ 8(���� ��� �[�� \��� ���[������� \� 6XE������
� ��� ��[�� \������� ���[������� \� 6XE������� ��� �\���[�� \������� ���[������� \� 8,���� ��� �[��\���[�� \������� ���[������� \� 8,���
$V�WKH�DVVXPSWLRQ�LV�D[LRP�4��RI�4�WKHQ�WKH�VHQWHQFH�LV�D�WKHRUHP�RI�4�

�LL� >>���LL��� �LLL����6R�WKLV�LV�SUREDEO\�IDOVH��@@
,Q�1�

 OHW�[� �D DQG�\� �E�
�[�� \�� ��D ��E�� �E��\�� [�� ��E � D�� �D�
7KHUHIRUH���[��\��[���\�� ��\�� [���LV�QRW�WUXH�LQ�1�

�
$OO�WKH�D[LRPV�RI�4�KROG�LQ�1�

 � $V���\��[��[�\�� ��\�[��GRHV�QRW�KROG�LQ�WKH�LQWHUSUHWDWLRQ1�

 WKHQ��LW�IROORZV�E\�WKH�&RUUHFWQHVV�7KHRUHP��WKH�VHQWHQFH�LV�QRW�D�WKHRUHP�RI�4�

�LLL� >>�6DPH�DV����������LL��DQG����������LLL��@@
� ��� �[�[�� ��[�[� ,,� ��� �\��[�\�� ��\�[� (,���� ��� �[��\��[�\�� ��\�[� 8,���
$V�WKHUH�DUH�QR�DVVXPSWLRQV�WKHQ�WKH�VHQWHQFH�LV�D�WKHRUHP�RI�4�



0����/RJLF ���� 3DJH�� RI��
4XHVWLRQ���
�L� 7UXH/HW�$�EH�WKH�VHW�RI�WKH�*»GHO�QXPEHUV�RI�WKH�LQILQLWH QXPEHU�RI�D[LRPV�RI�3$�

*LYHQ�DQ\�QXPEHU�Q�WKHQ�ZH�FDQ�ZULWH�DQ�DOJRULWKP�WR GHWHUPLQH�ZKHWKHU�Q�LV�WKH�*»GHOQXPEHU RI�D�IRUPXOD� ,I�LW�LV�QRW�WKHQ�UHWXUQ����,I�LW�LV�DQG�HTXDOV�WKH�*»GHO�QXPEHU RI�DQ\�RIWKH�D[LRPV�RI�4�WKHQ�UHWXUQ����%\�SURFHVVLQJ�WKH�*»GHO QXPEHU�ZH�FDQ�GHWHUPLQH�ZKHWKHULW�KDV�WKH�IRUP�RI�DQ�LQGXFWLRQ�D[LRP��,I�LW�KDV�UHWXUQ���RWKHUZLVH�UHWXUQ���
7KHUHIRUH��E\�&KXUFK
V�7KHVLV��WKH�FKDUDFWHULVWLF�IXQFWLRQ�RI�WKH�VHW�$�LV�UHFXUVLYH��DQG�VRWKH VHW�$�LV�UHFXUVLYH��7KHUHIRUH�3$ LV�UHFXUVLYHO\�D[LRPDWL]DEOH�

�LL� 7UXH
$VVXPH�WKDW�3$ LV�QRW�FRQVLVWHQW��7KHUHIRUH��E\�GHILQLWLRQ��WKHUH��LV�D�VHQWHQFH�) RI�WKHIRUPDO�ODQJXDJH�VXFK�WKDW�ERWK��ð 3$ ) DQG�ð 3$ � )�
7KH�&RUUHFWQHVV�7KHRUHP�WHOOV�XV�WKDW�LI�D�IRUPXOD�LV�GHULYDEOH�IURP�3$ WKDW�LW�LV�D�ORJLFDOFRQVHTXHQFH�RI�3$ SURYLGLQJ�WKDW WKHUH�LV�DQ�LQWHUSUHWDWLRQ�RI�3$�
6LQFH��1 LV�DQ�LQWHUSUHWDWLRQ�RI�3$ WKHQ�ERWK��) DQG�� ) DUH�ORJLFDO�FRQVHTXHQFHV�RI�3$�6LQFH�) FDQQRW�EH�ERWK�WUXH�DQG�IDOVH�LQ�DQ�LQWHUSUHWDWLRQ�WKHQ�RXU DVVXPSWLRQ�WKDW�3$ LV�QRWFRQVLVWHQW�PXVW�EH�LQFRUUHFW� 6R�3$ LV�FRQVLVWHQW�DQG�WKH�VWDWHPHQW�LV�WUXH�

�LLL� )DOVH%\�8QLW����7KHRUHP�����E� ð 4 � z ����6Rð 4 � �  ��� 6LQFH�3$�LV�DQ�H[WHQVLRQ�RI�4WKHQ�WKHRUHPV�RI�4�DUH�DOVR�WKHRUHPV�RI�3$��6R ð 3$ � �  ���6LQFH�3$ LV�FRQVLVWHQW��E\�SDUW��LL���WKHQ��ERWK�ð 3$ �  �� DQG�ð 3$ � �  �� FDQQRW�EH�WUXH�7KHUHIRUH�ð 3$ �  �� LV�QRW�WUXH�25 � ��� �[�� �  �[� $VV� ��� � �  ��� 8(���$V�WKH�DVVXPSWLRQ LV�DQ�D[LRP�RI�3$ WKHQ�ð 3$ � �  ���6LQFH�3$ LV�FRQVLVWHQW���
�LY� )DOVH

*»GHO
V�)LUVW�&RPSOHWHQHVV�WKHRUHP�VWDWHV�WKDW�WKHUH�LV�QR�FRPSOHWH�DQG�FRQVLVWHQWUHFXUVLYHO\�D[LRPDWL]DEOH�H[WHQVLRQ�RI�4�
6LQFH�3$ LV�DQ�H[WHQVLRQ�RI�4�DQG��DV�ZH�KDYH�VKRZQ�LQ�SDUWV��L��DQG��LL���LW�LV�FRQVLVWHQW�DQGUHFXUVLYHO\�D[LRPDWL]DEOH�WKLV�PHDQV�3$ FDQQRW�EH�FRPSOHWH�

(1'�2)�3$57�,,�62/87,216
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